The development of a 3-dimensional simulation for Cherenkov photon emissions in Extensive Air Showers (EAS) is reported in this paper. CORSIKA is the most widely used Monte-Carlo generator for the description of EAS, but it is not recommended to calculate Cherenkov light emissions for EAS at ultra high energies due to the enormous amount of data storage and running time required. The presented BinTheSky is a framework to simulate the Cherenkov light emissions using the spatial information produced by Monte-Carlo generators. The light is emitted in the shower, propagated and attenuated to the ground. The framework enables one to calculate the light spatial, timing and directional distributions at the ground or at a given altitude, whereas the usual approach of Ultra High Energy Cosmic Ray experiments relies on the simulation of the longitudinal shower development and on parametrizations of the transverse shower distributions.
Introduction
The Ultra High Energy Cosmic Rays (UHECR) reaching the Earth have extremely low fluxes and cannot be detected directly in space. These particles enter the atmosphere and interact with atmospheric molecules producing cascades of secondary particles known as Extensive Air Showers (EASs). EAS can be detected through two main techniques: by observing the light emitted along the development of the shower or by detecting the shower particles surviving to the ground. Regarding the first technique, the light emitted is essentially fluorescence light (from atmospheric nitrogen) and Cherenkov light from the relativistic particles in the shower. One of the most used cascade generator is COsmic Ray SImulations for KAscade (CORSIKA) [1] , which for lower primary particle energies ( 10 15 eV), can also be used to calculate direct Cherenkov light emission. However, at ultra high energies, due to the increase in shower particle multiplicity, calculations of direct Cherenkov light emission are prohibitive in terms of computing time and data storage capacity.
Accurate simulations or parametrizations of transverse profiles of EAS are fundamental for cosmic ray experiments which detect the light emitted by EAS. The Pierre Auger Experiment [2] and others, reconstruct EAS based on the longitudinal shower development leaving out information on transverse shower structure. This approach is valid for distant showers, however, in close-by events, it neglects the additional data that lateral shower profiles can provide. To recover the shower shape, lateral average parameterizations are usually considered (see for example [3, 4] ). These average distributions do not account for shower to shower fluctuations which can be important in the interpretation of the data. Moreover, accurate descriptions of transverse shower profiles is important in arrays of Cherenkov detectors, such as Tunka [5] , Yakutsk [6] and CTA [7] experiments, to obtain the lateral profiles and also to obtain the time distribution of Cherenkov light at ground level which may be used to recover the longitudinal shower maximum.
The development of BinTheSky framework was motivated to allow new studies such as the recovery of the longitudinal profile from arrival time distributions at ground and to provide a framework for the study of different aspects of Cherenkov and fluorescence light emission and their propagation in EAS.
In section 2, the BinTheSky framework is described, along with the necessary CORSIKA intervention. The light emissions, propagation and attenuations are also discussed. In 3 the Cherenkov light distributions, from the BinTheSky framework, are compared to those obtained with COR-SIKA for EAS with 10 14 and 10 15 eV primary energy. In section 4, the Cherenkov light distributions obtained with BinTheSky at ground level are shown, together with the parametrization of the lateral density of Cherenkov photons and with the corresponding timing distributions at ground level. The results obtained with BinTheSky and future prospects are presented in section 5.
Framework and Method
The BinTheSky framework has the purpose of saving the spatial information produced at generator level in EAS simulations, in a way, that it can be used to simulate the production of Cherenkov light at post-generator level. In this work, EAS simulations at generator level were performed with the CORSIKA v7.500 code, using QGSJet-II.04 [8] and GHEISHA [9] packages for the simulation of hadronic processes and EGS4 [10] code for the simulation of the EAS electromagnetic component. The particle production threshold energies in CORSIKA were set to 0.3, 0.3, 0.03, 0.03 GeV, for hadrons, electrons, muons and photons respectively. The thinning option was used with the parameters 10 −6 for the fraction of the primary energy E, from which the option is applied, and a maximum weight factor of 10 −6 × (E/GeV). Showers were generated with energies from 10 14 to 10 19 eV (for each decade) and 0 • inclination. At 10 18 eV, showers were produced with inclinations from 0
• to 60
• (in steps of 10 • ). For each sample, 50 showers were generated. In order to save information from CORSIKA (a FORTRAN code), a C++ interface was developed to save the generator level data in ROOT [11] file structures (figure 1a). Since it is not feasible to follow and record all particles in ultra high energy showers due to computational and storage costs, the framework is based on saving particle distributions relevant for light emission inside chosen bins "in the sky", the SkyBins, which are volumes surrounding the shower axis. In the BinTheSky framework, a wavelength range of Cherenkov radiation between 300 -600 nm was considered, which corresponds to a typical range of the Cherenkov and Fluorescence light detectors [5, 7, 12] . The dark arrow represents the vertical shower axis, i.e. the direction of the primary particle.
BinTheSky framework
The Skybins are defined with respect to the shower axis -which is the axis defined by the primary particle direction (see figure 1b and 1c) -with an underlying cylindrical geometry. Each SkyBin is a (∆r, ∆φ, ∆z) interval with central coordinates (r c , φ c , z c ), where r is the radial distance from a given position in the sky to the shower axis, φ is the azimuthal angle corresponding to that position and z is its height along the shower axis, from the ground. As can be seen in figure 2 the "sky" around the shower axis is divided in layers in the z axis and several concentric rings of SkyBins, with ∆φ and ∆r segmentation (except for the inner ring bins whose radius is r = ∆r/2). The bins located near the shower axis have thus a smaller volume, appropriate for describing the denser inner shower region. The size of the SkyBins can be chosen before compiling the CORSIKA with C++. For the case presented in this paper, SkyBin intervals were chosen with ∆r = 20 m, ∆φ = 15
• and ∆z = 100 m (can be defined by the user before compilation). Using ∆z = 100 m, yields 12 g/cm 2 column depth for the Skybins at sea level, where the atmosphere is denser, and lower column depths for higher altitudes, small enough for the purposes of this study.
To characterize the Cherenkov photon emission, it is necessary to save information on the directions of relativistic particles in EAS, their numbers and average path length inside the Skybins. Since there are millions of particles in EAS it is not feasible to save all generated particles, so the distributions of the particle directions inside the SkyBin will be used, instead of the characteristics of each particle.
The directional information of the shower particles is recorded with the angle α between the direction of the shower axis and that of the charged particles (see figure 2a), and independently with φ angle, the azimuthal direction of the charged particle with respect to the centre of each SkyBin (see figure 2a) . Both variables were saved in intervals ∆α = 1
• and ∆φ = 1 • (user defined before compiling CORSIKA). The path length distribution is saved in the form of the weight
for each SkyBin i, in the direction j = α or j = φ independently (figure 2b and 2c), where N ch Ckov,n is the number of charged particles producing Cherenkov and l n the length travelled by those particles. Only the particles above the Cherenkov energy threshold, fulfilling the condition v > c/n are considered (where v is the particle velocity and n is the air refractive index at the particle position). Nevertheless, some particles will have energies close to the threshold, which means they will produce less photons. In this way, we add the weight w
, which would appear in the Cherenkov calculations, eq. 4. We could use another approximation, considering β ∼ 1 above the threshold and implement the factor 1 − 1 n 2 inside the 3D simulation. Here it is not necessary, but for the sake of completeness, the difference will be briefly discussed in section 3.
All particles are summed up, for L i,j , inside each SkyBin as function of φ and α and the distributions are saved. In the case of the L i,j vs φ distribution, the data are folded with respect to φ = 0 within the range [0
• ], assuming that emissions inside each Skybin to be symmetric with respect to the radial axis. Additionally, the time delay of Cherenkov photons with respect to a plane shower front propagating at light velocity is also recorded for each Skybin (figure 2d). In this case, the average time delay is saved only as function of α direction, since it less dependent on φ . In figure 2e and 2f, the values for L i,j are shown as function of the distance to the shower axis (r) and as function of the shower φ direction.
Light emission and propagation
A particle travelling at a velocity (v) larger than the speed of light (c) in a medium (with refractive index n), emits electromagnetic waves which interfere constructively, giving origin to the so-called Cherenkov radiation. Cherenkov radiation is emitted in a light cone with an aperture of cos θ = ct/n vt = 1 βn . For ultra-relativistic particles, β ≈ 1 and cos θ max = 1/n. At sea level the refractive index of air is n = 1.00029 [13] and cos θ max = 1.3
• , so the direction of the radiated light is almost coincident with that of the parent particle. The Cherenkov emission energy threshold can be calculated for different shower particles. For electrons E thr is 21 MeV, for π mesons it is 4.4 · 10 3 MeV and for protons 39 · 10 3 MeV. The value of E thr for electrons is the lowest, and since the number of electrons is EAS can be around 95% of the total number of particles in the shower, it can be concluded that Cherenkov radiation in EAS is mainly produced by electrons. The light is produced in a random position inside the SkyBin (∆r, ∆φ, ∆z) and pointing a random direction within the respective (∆α, ∆φ ). Moreover, the light is randomly emitted in the Cherenkov cone.
The number of photons emitted per unit length (travelled by the charged particles), in the wavelength interval [λ 1 , λ 2 ], is given by the following equation:
where α is the fine structure constant and n the refractive index of the medium (see [3] ). The distributions shown in figures 2 enable a complete characterisation of Cherenkov light production in EAS. The number of emitted photons depends on the number of charged particles above E thr and on the length travelled by those particles. So, the first step is to calculate the total weighted travelled length in a specific direction α and φ , in a Skybin i (L i,α,φ ). Using eq. 1, the weight L i,α has to be corrected for the relative contribution in the φ direction. Therefore, the value L i,α,φ is obtained as:
where L i is the total weight inside the Skybin i. Integrating equation 2, the number of photons emitted from a SkyBin, i, to some particular direction defined by (α, φ ), with wavelengths in the interval between λ 1 and λ 2 , can be obtained by:
The term 1 − 1 n 2 β 2 n is already included in the w n factor. After the Cherenkov light production and prior reaching the detector or ground, the photons are subject to scattering in the atmosphere. This effect has to be taken into account in order to characterize the signal arriving at the detectors. Within the typical wavelengths detected for the EAS experiments (roughly 300-600 nm), photon attenuation is due to Rayleigh scattering (photons interacting with air molecules), but also to Mie scattering (photons interacting with aerosol particles). The light reaching the ground must be corrected by the attenuation from Mie and Rayleigh scattering. Then, the number of photons arriving to the ground is:
where the Rayleigh (T R ) and Mie (T M ) transmission factors are described in the following sections.
Rayleigh scattering
Rayleigh scattering is the elastic scattering of light on particles much smaller than its wavelength. The Rayleigh scattering cross-section has a strong dependence on λ (1/λ 4 ), and, the total cross-section per molecule of air is given by eq. 6 [14, 15] , where n s is the refractive index for standard air at a given wavelength, N s the molecular number density (2.54743 · 10 19 cm −3 ), and ρ n is the depolarization factor 1 , that accounts for the anisotropy of the molecules. The depolarization factor has a variance around 60% from the near IR to the UV spectral region, corresponding to a variation with wavelength of approximately 3% in the Rayleigh-scattering coefficients.
The number of photons undergoing Rayleigh scattering, while crossing an atmospheric thickness dl is given approximately by (see [14] ):
with the Avogrado constant, k A , air density ρ air and molecular mass M air = 28.97 g/mol. The transmission coefficient between a depth X 1 and X 2 2 , in a trajectory with inclination θ is then given by:
Mie scattering
Mie scattering is the scattering of photons by particles whose size is comparable to their wavelength. These particles are aerosols (dust, pollutants, liquid droplets) with typical radius around 0.1 to 10 µm. The aerosols dimensions, chemical composition and even their shape contribute to the Mie scattering cross-section. The aerosol density in the atmosphere can be considered as falling exponentially with altitude so the Mie scattering is estimated, based upon the model of Elterman [16] , by:
where h is the height, h M is the scale height factor and l M is the Mie scattering mean free path, which depend on the atmospheric properties. Values of h M = 1200 m and l M = 14000 m (a typical Mie scattering mean free path at ∼ 400 nm) [17] , were used in the calculations. Using dl = dh/ cos θ (θ being the angle between the vertical and the photon path), the Mie scattering transmission coefficient is given by:
It should be noted that h M and l M strongly depend on the composition of the atmosphere and therefore accurate measurements of the atmospheric aerosol composition and corresponding scale hight are fundamental for the characterisation of Mie scattering. Furthermore, the parameter τ (λ) was added for the wavelength dependence. According to [18] , it gives τ (λ) = λ 355 nm 0.767 .
Time calculations
The time calculations for Cherenkov photons arriving at the ground are computed as time delays with respect to a plane shower front, travelling at the velocity of light and arriving on the ground at the same point as the Cherenkov photons. The final photon time delay, t T , at some position on the ground is given by:
where t g is the geometric time delay, t k and t n are the the kinematic and refractive index time delays.
Photons are generated inside the Skybin, at some random emission position x re = (r sh , φ sh , z sh ) in the shower frame of reference. Then, they travel along their final direction reaching the ground at a position x G = (r sh,G , φ sh,G , z sh,G ) in the shower frame. Considering a plane shower front travelling at the speed of light along the z sh direction, the photon geometric time delay is given by:
2 X is the depth in g/cm 2 of crossed atmosphere
Cherenkov photons in air are slower than c and the corresponding time delay, t n , related to the air refractive index is thus given by:
To simplify the use of eq. 13, and accelerate the running time, a simple atmospheric layer was considered with the depth given by X(h) = 1117.9 e −h/6839 g/cm 2 . The refractive index evolves linearly with the depth, so we consider the Lorentz-Lorenz relation
The atmospheric density ρ, can be substituted by the depth X and use the reference values of X = 1033 g/cm 2 and n = 1.000292 at see level. Using this values the depth gives differences lower than 2 g/cm 2 for h > 15000 m and lower than 20 g/cm 2 otherwise, with respect to CORSIKA atmosphere definitions. For other purposes this would not be sufficiently accurate. However, for the final t n delay, it gives differences lower than 0.2% (∼ 2 · 10 −2 ns) for h > 15000 m and lower than 2.5% (∼ 4 · 10 −2 ns) otherwise. It is sufficient to calculate the refractive index time delay. Most of particles producing the Cherenkov light are already delayed with respect to the shower front and this is the origin of the kinematic time delay, t k term. The average particle time delays in CORSIKA were saved for each SkyBin as function of α (see figure 2d ) and used as the kinematic time delay factor for Cherenkov photons in the corresponding α intervals. In this paper, we will not consider directly the final total time, but the time delay with respect to a shower front plane travelling at the speed of light. In this way, for inclined events, the problem of different times in the ground, on the forward and backward direction of the shower, is solved.
BinTheSky framework validation with CORSIKA
At lower energies, it is still possible to simulate the Cherenkov light with the CORSIKA generator. The results obtained with CORSIKA at 10 14 eV and 10 15 eV will be compared here with the 3D simulation results. Note that, in CORSIKA, only the photons in a square with 1500 m around the shower core were saved and for that we get an output per event with around 15 Gb and 170 Gb at 10 14 eV and 10 15 eV, respectively. The comparison is made for only one event for each shower energy and inclination.
In the figure 3a, the lateral density of photons in the 3D simulation (full line) is compared with the CORSIKA results (dashed line). The results of both codes are similar up to a 1500 m radius. Above 1500 m CORSIKA photons were not recorded, as explained above. The longitudinal profile of Cherenkov photons arriving to the ground is shown in figure 3b . In these distributions a slight difference can be seen between the 3D simulation and CORSIKA. This difference comes from different atmospheric attenuations. In this context, the 3D simulation was repeated for different atmospheric parameter for the same 10 14 eV event considering 3 atmospheric attenuations: in red, the attenuations used in this the paper from eq. 8 and 10; in green a cleaner atmosphere was considered with parameters h M ∼ 2800 m and l M ∼ 50000 [19] for Mie scattering; and in brown total atmospheric attenuations were used from CORSIKA. The 3D simulation gives the same result as the CORSIKA program using the latter attenuations. The cleaner atmosphere will result in around ∼ 10% more light, while the attenuations from 8 and 10 yield ∼ 5% more light than the parametrization used in CORSIKA. This illustrates the importance of a good knowledge over the atmosphere for a clear understanding of the signals measured by the cosmic rays detectors.
The other important distributions to verify are the time distributions. In figure 3c , the total delay on the arrival time of photons at a radius of 750 m and 1500 m from the shower core is plotted, showing a good agreement with the CORSIKA profiles. The average time delays are shown in the figure 3d and it can be seen that CORSIKA and the 3D simulation have similar results. For higher radius the total time delay is dominated by the geometric delay, while at lower radius the refractive index delay dominates. In the figures 3a and 3c, the lateral density and time distributions are shown also for events with 10 14 eV and 60
• , revealing a good agreement between CORSIKA and the 3D simulation result.
To simplify the CORSIKA output for the 3D simulation, the approximation β = 1 in eq. 1 had been considered for particles with energy above the Cherenkov energy threshold and the term 1 − 1 n 2 β 2 n was included in eq. 4 inside the 3D simulation (at generator level, when the travelled length is filled). In such case, the number of Cherenkov photons was overestimated. For future reference we show the effect of this overestimation in figure 4 for the lateral shape and for the time delay distributions. We can see that, using β = 1, as the radius increases, the number of photons increases with respect to the actual value. The particles with larger opening angle with respect to the shower axis have lower energy, so we would overestimate more photons far from the core. Close to the core the difference is around ∼ 5% and far from the core around ∼ 20% − 60%. The peak at r ∼ 150 m in CORSIKA with respect to the 3D simulation, is due to the random in first α < 1
• bin. The time delay distribution will have bigger tales, since we are increasing the weight of the latest particles (which have less energy). 
Ground distributions
The framework defined in the previous section allows one to simulate Cherenkov light without shape parametrizations. The lateral distributions on the ground as well as the time distribution can be obtained. In figure 5 , the map shows all Cherenkov light arriving at the ground for an event with 10
18 eV, with zenith angles 0 • (a) and 60 In [20] , the total number of Cherenkov photons, neglecting atmospheric absorption, was predicted as N Chkov = 3.7 · 10 3 E0 βt , where β t = 37.1 g/cm 2 · 2.2 MeV.g/cm 2 = 81.4 MeV is the critical energy for the ionization losses. It can be compared with our simulation (with and without atmospheric attenuations) and with CORSIKA in figure 6 . The parametrization agrees with the 3D simulation without attenuation. Again, due to the attenuation, the 3D simulation produces approximately ∼ 10% more than CORSIKA. In this case, Cherenkov photons are produced in CORSIKA, but not propagated to the ground, and the attenuations are simply calculated along the shower axis starting at production height. 
Lateral distributions
The lateral density of Cherenkov photons can be obtained and parametrized. In the case of non-vertical events, the arrival position on the ground does not correspond to the same shower path length, so photons have different attenuations and production points. In this way, we show the lateral density of photons for vertical events with energies between 10 14 to 10 19 eV, for proton and iron showers, in figure 7a.
To parametrize the photon density distribution on the ground, the following equation, inspired by the NKG [21, 22] parametrization, was considered:
where E s = (log 10 E − 14) and R s is the radius scale at which the first or the second power λ dominates. For radius larger than a given radius, R s , the density slope is similar, so only one slope λ b is considered, allowing for the change in position R s + R s1 · E s . The equation was fitted to proton showers in figure 7b and the parameters obtained for proton and iron showers are displayed in table 1. The results obtained can be compared to other experiments such as Tunka [5] , Yakutsk [6] and Haverah Park [23] . In figure 8 , the result obtained for the lateral photon density is compared to available parameterizations and data. These densities corresponds to photons with less than ∼ 40
• , with respect to the vertical position, which is approximately the field of view of those experiments. We can see that at higher energies our results are similar to Yakutsk and Haverah Park. At lower energies, the simulation is similar to Tunka, the differences at 10 15 and 10 16 come mainly from the experiment's energy calibration systematics and detector efficiencies. [5] , Yakutsk [6] and Haverah Park [23] results are also drawn.
In figure 9a , the lateral density of Cherenkov photons is shown for several shower inclinations, at 10 18 eV. The lateral profiles become wider with increasing shower inclination, since the shower will be in a later development stage. Also, in showers with 0
• , at 10 18 eV the longitudinal maximum is close to the ground so the flat shape for radius smaller than ∼ 100 m is not seen. As the shower gets more inclined, the position of the particle maximum is farther from the ground and the Cherenkov opening angle produces the flat shape. 
(b) ρ chkov at 60 
Time distributions
The arrival time of Cherenkov photons at ground is also calculated by our model, as seen in section 2.3. The final time distribution on the ground, in the range r ∈ [975, 1025] m, are shown in the figure 11a, for the same vertical events with several energies. The timing distributions change with the shower energy.
The most important feature can be observed in the time distributions for different distances to the shower core. In figure 11b , we can see that the time distribution changes with the distance to the shower axis. As the distance r increases, the time distribution becomes wider due to the increase of the geometric time delay. The average arrival times as function of the radius are shown in the figures 12, with each time contribution shown separately. The different slopes seen for r < 100 m are due to the Cherenkov opening angle. The delay due to the refractive index grows slowly with r, simply due to the increase in the distance travelled by the light. The kinematic delay increases quickly with the radius, since for larger radius, the emission Cherenkov angle increases. This means that the parent particles are not close to the shower axis direction and are less energetic, which corresponds to a larger kinematic delay (it comes from the distribution in figure 2d ). It worth to notice that the geometric time delay dominates above ∼ 10 2 m. This time if purely geometric and model independent which in the future would allow new analysis. The effect of the shower inclination in the time distributions can be seen in the figure 13a. The distributions are shown at radius of 1000 m and at 3000 m, for several shower inclinations with 10 18 eV. It can be seen that, at the same radius in inclined showers, the distributions are narrower and have almost no delay. Particles at a given radius in one inclined shower, correspond to the same particles with lower radius in a vertical shower. So, the geometric time delay is smaller on inclined showers. In figure 13b , the time distributions are shown for all photons, with their respective components at the depth where they were produced.
Summary
This work explores a new approach to simulate Cherenkov light in EAS. With the BinTheSky framework, 3-dimensional information from CORSIKA can be saved and used to simulate Cherenkov light in the atmosphere. The developed method was validated for shower energies around 10 14 and 10 15 eV, for which its results can be compared directly with the CORSIKA output. At higher energies the results of the developed method are compatible with Yakutsk measurements.
Saving Cherenkov photon information in a square of 1500 m around the shower core gives a CORSIKA output per event of around 15 Gb and 170 Gb at 10 14 eV and 10 15 eV respectively. (b) photon time distribution Moreover, we could use the CORSIKA option CERARY to save the Cherenkov in a specific sparse array for distances up to 1500 m and for a few detectors with 1 m 2 , for example, to save space in the output file. However, this procedure has two disadvantages: on one side we cannot re-simulate the same CORSIKA showers several times, with different core position with respect to the array (which it's a normal procedure in the cosmic ray field, to increase the number of simulations); but the bigger disadvantage is that to calculate the photons emitted along the direction of the array, the CORSIKA program needs to see most of the produced photons, taking more than 75 h to generate one event at 10 18 eV. The 3D simulation takes between ∼ 30 min to 3 h to simulate all Cherenkov photons within a radius of 10000 m of the shower core (the time duration depends on the number of filled SkyBins). If a sparse array is considered with the 3D simulation, the requested time easily decreases below 1 min, depending on the array size.
The 3D simulation allows several new studies on Cherenkov light production, propagation and detection (and also on fluorescence light production, propagation and detection, which can be also considered in the simulation). The framework developed enables the study of the effects of different atmospheric parametrizations and hadronic models on light emission from EAS. For example, in figures 9 and 13 we can see the contributions from different depths for the lateral density and time distributions of Cherenkov photons. The contributions of the different emission directions of Cherenkov photons can be seen in figure 10, whereas the effects of different Mie scattering models on the longitudinal light profile are shown in figure 3b.
